Abstract. What is the true order of growth of torsion in the cohomology of an arithmetic group? Let D be a quaternion over an imaginary quadratic field F. Let E/F be a cyclic Galois extension with Γ E/F = σ . We prove lower bounds for "the Lefschetz number of σ acting on torsion cohomology" of certain Galois-stable arithmetic subgroups of D × E . For these same subgroups, we unconditionally prove a would-be-numerical consequence of the existence of a hypothetical base change map for torsion cohomology. 
Introduction
Let G/Q be a semisimple group. Let K ⊂ G = G(R) be a maximal compact subgroup and X = X G = G/K the symmetric space of maximal compact subgroups of G. Fix an arithmetic subgroup Γ ⊂ G(Q). Let ρ : G → GL(V ) be a homomorphism of algebraic groups over Q and let M ⊂ V be a Γ-stable lattice.
Suppose that G/Q is anisotropic and that M R is strongly acyclic [2, §4] . Let Γ n ⊂ Γ be a sequence of subgroups for which the injectivity radius of Γ n \X approaches infinity. Bergeron and Venkatesh [2] prove that if the fundamental rank 1 of X equals 1, then lim inf
Little is known about the true order of growth of log |H * (Γ n , M)| for X of fundamental rank = 1.
Let F be an imaginary quadratic field and let E/F a Galois extension cyclic of degree p. Let D be a quaternion algebra over F and G be the adjoint group of the unit group of F. One goal of this paper is to prove lower bounds for the amount of torsion in the cohomology of locally symmetric spaces for X PGL 1 (D E ) , which has fundamental rank p > 1.
Calegari and Venkatesh have proposed an analogue of Langlands functoriality for torsion cohomology [10, §2] . The hypothetical existence of torsion base change functoriality leads one to predict that torsion cohomology on locally symmetric spaces for X PGL 1 (D) -proven to be abundant in [2] -can be lifted to torsion cohomology on locally symmetric spaces for X PGL 1 (D E ) . A second goal of this paper is to unconditionally prove a numerical relationship between the cohomology of certain locally symmetric spaces for X PGL 1 (D E ) and "matching" locally symmetric spaces for X PGL 1 (D) which is consistent with base change for torsion. The locally symmetric space. Let D be a quaternion algebra over an imaginary quadratic field F. Let E/F be a cyclic Galois extension of prime degree p, with Galois group Γ E/F ; we fix a generator σ for Γ E/F . Let G denote the adjoint group of D × , considered as an F -algebraic group. We form the associated locally symmetric space
where U is a compact open Galois-stable subgroup of G(A fin E ) and K is a Galois stable maximal compact subgroup of G(E R ). There is a unique -up to scaling -G(E R ) invariant metric on G(E R )/K which descends to a metric on M U . The group Γ E/F acts on M U isometrically with respect to any such metric. For a discussion of normalization of this metric, see §2.
0.1.3. The local system. Let N/F be a finite extension and V an N-vector space. Let ρ : Res E/F G ⋊ Γ E/F → Res N/F GL(V ) be an algebraic representation (over F ). We fix an "integral structure" within V , i.e. an O N -lattice inside V ; let U 0 be its stabilizer inside G(A fin E ). The representation ρ gives rise to a local system of N-vector spaces V ρ → M U with an action of Γ E/F . If U ⊂ U 0 , the integral structure on V yields an integral structure on this local system, i.e. a local system of O N -modules, which we denote
This integral structure is discussed in greater detail in §2.3.
Statement of main results.
We briefly describe the main theorems of this paper. Let
Sample Theorem (Comparison of analytic torsion). Let E/F be an everywhere unramified Galois extension of odd prime degree. Suppose that U is a parahoric level structure (see Definition 5.1) and ρ and ρ match (see §4.3). Then for any complex embedding ι : N ֒→ C,
A more general statement, which allows any E/F which is everywhere tamely ramified, is proven in §4.4, §6. The relationship in the more general case between τ σ (M U , L ρ ) and τ (M U , L ρ ) has the same flavor but is not as simply stated.
Spectral comparisons such as the sample theorem, in conjunction with CheegerMüller theorems (see §0.3), have consequences for torsion in the cohomology of L ρ . In order to describe these implications, we use the following notational shorthand:
• * denotes alternating sum.
• P denotes the p-cyclotomic polynomial P (x) = x p−1 + x p−2 + ... + 1.
• For any Z[σ]-module A and any polynomial h ∈ Z[x], we let A h(σ) = {a ∈ A : h(σ)a = 0}.
Sample Theorem (relationship between sizes of torsion subgroups). Let E/F be an everywhere tamely ramified Galois extension of odd prime degree with Γ E/F = σ . Let the places where E/F is ramified and the places where D is ramified be disjoint. Suppose that
• ρ, ρ are matching representations of the sort described in §7.1.
• The level structure U is tamely parahoric at each unramified place of E/F (see Definition 6.16).
Then there is an explicit finite collection of compact open subgroups U ⊂ G(A fin F ) and explicit constants c U such that * log |H i (M U , L ρ )
for some integer n. Furthermore, n can be bounded linearly by dim Fp H i (M U , L ρ,Fp ).
For a more precise statement, see Theorem 7. 4. An appropriate generalization of the sample theorem also has consequences for growth of torsion in the cohomology of the spaces M U .
Corollary (Growth of torsion for fundamental rank > 1). Let E/F be everywhere tamely ramified with [E : F ] odd. Let the places where E/F is ramified and the places where D is ramified be disjoint.
Let U N ⊂ U 0 denote a sequence of compact open subgroups of G(A fin E ) such that • The injectivity radius of M U N approaches ∞.
• The level structures U N are tamely parahoric at each unramified place of E/F (see Definition 6.16 ).
• The local systems L ρ → M U N form a strongly acyclic family (see §8.1), where ρ and ρ are matching representations (see §4.3).
• L ρ has "not too much mod p cohomology". More precisely,
Then it follows that lim sup
In fact, we prove a more refined result (see §8.3) which is analogous to the statement that for many ℓ dividing |H * (M U N , L ρ )|, "the Lefschetz numbers of σ acting on the cohomology of L ρ,F ℓ are big."
Remark 0.1. The fourth assumption of the corollary, namely L ρ having "not too much mod p cohomology," cannot be removed at the present time. However, it is expected always to be true. A conjecture to this effect, due to Calegari and Emerton in [11] , is discussed in Remark 8.6. 0.3. Main tools. Three main inputs are used to prove the theorems stated in §0.2:
Let L → M be a local system of metrized C-vector spaces acted on equivariantly by an isometry σ of finite order p.
. valid for some class of metrized local systems L and some class of equviariant isometries σ. When σ = 1 and L is unimodular, this was proved by Müller [25] .
A general version of this theorem for σ = 1 is proven by Bismut and Zhang [6] . This general version expresses the difference between log RT σ (M, L) and log τ σ (M, L) in terms of auxillary differential geometric data on a germ of the fixed point set of σ. The author proves in [21] that this difference equals zero in the cases to be studied in this paper.
Cheeger-Müller theorems provide a bridge between the analytic expression τ σ (M, L) and the quantity RT σ (M, L) which can concretely be related to
(b) Trace formula comparison. Using Cheeger-Müller theorems, torsion in cohomology of arithmetic groups related by base change can be compared by instead comparing analytic torsions. In the case of compact quotient, the logarithm of equivariant analytic torsion equals the spectral side of the twisted Arthur-Selberg trace formula for an appropriate test function (see §3). The logarithm of analytic torsion equals the spectral side of the untwisted trace formula for a matching test function.
Comparing these spectral quantities uses the methods of [20] together with some local representation theory for PGL 2 . In particular, we need to prove a "fundamental lemma for the spherical unit" for tamely ramified base change of PGL 2 .
(c) The results of Bergeron and Venkatesh [2] on growth of untwisted analytic torsion for sequences of locally symmetric spaces with universal cover of fundamental rank 1. Combining (a) with (b) proves an identity relating sizes of torsion cohomology for arithmetic groups related by base change (see Theorem 7.4). The resulting identity is consistent with implications of torsion base change functoriality (see §1).
Combining (a) with (c) proves growth of "Lefschetz numbers for torsion." See Theorem 8.5 for a more precise statement. 0.4. Acknowledgements. This paper is an outgrowth of the author's PhD thesis. It owes its existence to the inspirational work of Bergeron-Venkatesh [2] and CalegariVenkatesh [10] .
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The author would like to thank Nicolas Bergeron for many stimulating discussions on torsion growth and twisted endoscopy.
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• In §1, we discuss base change functoriality over Z. Base change functoriality over Z predicts one of the main results of this paper, a relationship between the sizes of torsion subgroups on locally symmetric spaces related by base change.
• In §2, we discuss representation theoretic formulations of equivariant vector bundles, bundle-valued differential forms, local systems of vector spaces, and equivariant local sytems. We see in §2.3 how, for finite extensions N/F, algebraic homomorphisms G → R N/F GL(V ) over F give rise to local systems of
• In §3, we will express the σ-twisted analytic torsion of L ρ → M U and the untwisted analytic torsion of L ρ → M U in purely representation theoretic terms.
• In §4, we will use Langlands' representation theoretic statement of base change to prove an abstract matching theorem 4.4, which will ultimately imply identities of the flavor
of the aforementioned sample theorem. In order to apply this matching theorem, we need to find instances of matching test functions, which will be the objective of §5, 6.
• In §5, we will describe some circumstances under which the desired matching test functions can be found. This matching only applies at places v where
Here is where we finally define and discuss parahoric level structure.
• In §6, we prove a matching theorem at places v where E v /F v is tamely ramified. In the final subsection §6.4, we define tamely parahoric level structures, those level structures which occur in the matching theorem 6.17 and the numerical cohomology comparison theorem 7.4.
• In §7, we prove the numerical cohomology comparison theorem 7.4 for the local systems introduced in §7.1.
• In §8, we use the main comparison theorem 4.15 for analytic torsion together with [2, Theorem 4.5] to prove that, for appropriate equivariant local systems L and level structures U (see 5.1), the twisted analytic torsion
Combined with the results of [21, §1- §5] -which relate equivariant Reidemeister torsion to cohomology, a statement on asymptotic growth of cohomology is proven. The results of [2] prove asymptotic growth of Reidemeister torsion, which one might loosely think of as an "Euler characteristic for torsion in cohomology". In the same vein, the results of §8 prove "asymptotic growth of Lefschetz numbers for torsion in cohomology." 0.6. Notation used throughout. This section compiles a list of frequently used notation. The descriptions given are consistent with the most common usage of the corresponding symbols. The reader should be warned, however, that within a given chapter or section, the below symbols might carry a slightly different meaning; such local changes of notation will be made clear as necessary. 0.6.1. Algebraic groups and representation theory notation.
• E/F denotes a cyclic Galois extension of number fields of odd prime degree p with Galois group Γ E/F = σ . The rings O E , O F denote the ring of integers of E and F respectively.
• For a field extension N/F, ι : N ֒→ C denotes a complex embedding of N and the induced complex embedding of F.
• D denotes a quaternion algebra over F.
• G denotes an algebraic group over a number field F. Unless otherwise specified, G denotes the adjoint group of D × .
• U denotes a compact open Galois stable subgroup of G(A fin E ) and K ⊂ G(E R ) denotes a Galois stable maximal compact subgroup
• ρ is a finite dimensional representation R E/F G and ρ is a finite dimensional representation of G.
• V ρ denotes the local system of O N -modules associated to a rational representation ρ in the manner of §2.3.
• π denotes a representation of G(A E ) ⋊ Γ E/F and π denotes a representation of G(A F ).
• V ′ ρ → M U denotes the local system of F -vector spaces associated to a representation G → GL(W ) defined over F. We let V ′ ρ,O F denote the associated local system of O F -modules, defined for appropriately chosen U. See §2.3.
• V ρ → M U denotes the local system of real (complex) vector spaces associated to a real (complex) representation ρ :
• For any representation (π, W π ) of G(A F ) and any compactly supported smooth measure f dg on G(A F ), we let π(f dg) denote the convolution operator
Similarly for representations π of G(A E ).
• For a representation π of a group H and a representation V of H, we let V [π] denote the π-isotypic subspace of H, i.e. the image of the canonical evaluation map Hom
• For a semisimple group G/R and a maximal compact subgroup K ⊂ G(R), we let θ denote the Cartan involution of G associated to K; the fixed point set of θ acting on G(R) equals K.
• If F is a local field with ring of integers O F and maximal ideal m F , let k F denote the residue field O F /m F . • For any finite dimensional representation A of σ , we let A denote tr(σ|A). 0.6.2. Reidemeister torsion notation.
• L → M denotes a local system of projective O F , F, Q, Z, R, or C-modules, depending on the context. • L → M denotes a local system equivariant for the action of a finite group Γ, usually Γ = σ with σ p = 1.
• MS(X, L) denotes the Morse-Smale complex associated with a vector field X on M which is weakly gradient-like with respect to a fixed Morse function f and which satisfies Morse-Smale transversality.
• RT (X, L) denotes the Reidemeister torsion of the Morse-Smale complex MS(X, L) for a vector field X, satisfying Morse-Smale transversality, and a local system L → M, provided the Morse function f and the implicit volume forms are understood. RT σ (X, L) denotes the twisted Reidemesiter torsion of the Morse-Smale complex whenever L → M is a σ equivariant local system. We often suppress the X and denote this by RT (M, L).
• For an R-module A acted on R-linearly by σ , we let A σ−1 := {a ∈ A : (σ − 1) · a = 0} and A P (σ) = {a ∈ A : P (σ) · a = 0} where P (σ) denotes the p-cyclotomic polynomial P (x) = x p−1 + x p−2 + ... + 1. Sometimes, we denote these by A[σ − 1] and A[P (σ)] as well.
• For an R-module A acted on R-linearly by σ , we define
• is a complex of R-modules acted on R-linearly by σ , we define
• * and * respectively denote alternating sum and alternating product.
A priori predictions via torsion base change functoriality
Calegari and Venkatesh [10, §2] have conjectured an analogue of Langlands functoriality for mod p and torsion cohomology of arithmetic locally symmetric spaces. In this section, we explain how one of our main results, Theorem 7.4, is roughly predicted by their conjecture applied to base change.
1.1. Base change functoriality over Z. For a more general discussion of functoriality over Z, we refer the reader to [10, §2] .
Let F be any number field and E/F a cyclic Galois extension of odd prime degree p. Let G 1 /F be any group and G 2 = R E/F G 1 . In accordance with functoriality over Z, the diagonal map of L-groups
is expected to give rise to a Hecke equivariant map φ * on cohomology, torsion or otherwise. For certain groups, such as G 1 the unit group of a semisimple algebra over F, this correspondence is known for characteristic zero cohomology. One main purpose of this paper is to unconditionally prove certain would-benumerical consequences of the existence of the hypothetical map φ * . The analogue of this program was carried out for Jacquet-Langlands functoriality for PGL 2 in [10].
1.2.
Conjectures on torsion base change. This highly speculative section discusses implications of the existence of a base change map φ * , as above. The discussion uses the language of Langlands' theory of base change, to be reviewed in §4.1.
Let D be a quaternion algebra over a number field F. Let G denote the adjoint group of its group of units. Let E/F be a cyclic Galois extension with Γ E/F = σ .
Definition 1.1. We say that 1 U dũ and U c U 1 U du (finite sum) are matching level
U for every pair of representations π of G(A E ) ⋊ Γ E/F and π of G(A F ) which match by base change (see §4.1). If E ′ /F is a second cyclic Galois extension and U ′ ⊂ G(A E ′ ) and U ⊂ G(A E ) both match a common level structure, we say that U, U ′ are related.
Lemma 1.2. Matching level structures satisfy the following identity of traces in cohomology
for local systems L and L associated to compatible representations ρ of R E/F G⋊Γ E/F and ρ of G (see §4.3 for a discussion of matching representations and matching local systems). 
for pairs of representations π of G(A E ) ⋊ Γ E/F and π of G(A F ) which match by local base change. In this particular situation, G(E R ) is isomorphic to G(F R ) p and that π ∞ ∼ = π ⊠p ∞ , where σ acts by cyclic permutation. By the Künneth formula for
⊗p (graded tensor product), where σ again acts by cyclic permutation. The result then follows by the elementary fact that for any finite dimensional V,
We optimistically conjecture that an analogous conjecture is true of torsion cohomology. 
Conjecture 1.4 (Galois structure). For matching rationally acyclic local systems
where ⊗p denotes the p-fold left derived tensor product. For example, suppose the ℓ-primary part of
; the action of σ on the latter group is induced by cyclic permutation of the tensor factors.
We mention, in passing, an even more speculative conjecture, pertaining to Hecke equivariance of this correspondence on cohomology. Conjecture 1.6 (Hecke equivariance of base change). Suppose c, C are as above. Suppose that c is a G-Hecke eigenclass, i.e. for any v where G/F v is split and J v is hyperspecial, then
1.3.
A numerical consequence to be expected of torsion base change.
For Galois-equivariant, rationally acyclic local systems L → M U as above, where Γ E/F = σ , we consider the alternating product
In support of Conjecture 1.4 and Remark 1.5, we compute in [21, Lemma 5.3 
at least up to powers of p.
The invariant R σ (L) is very closely related to the twisted Reidemeister torsion of L (see [21, §1.3] ). It is a miraculous fact (see [6, 
where ∼ denotes equality up to powers of p. This reasoning is applicable to those matching pairs L, L of local systems described in §7.1.
Representations and equivariant vector bundles
The purpose of this chapter is to discuss representation theoretic formulations of equivariant vector bundles, bundle-valued differential forms, local systems of vector spaces, equivariant local sytems, and integral structures on these local systems.
2.1. Equivariant vector bundles. Let G be a semisimple algebraic group over R. Let G = G(R) with maximal compact subgroup K and let X = G/K. Let e = eK be a fixed choice of basepoint.
Lemma 2.1. There is an equivalence of categories
Projection onto the first factor makes V an equivariant vector bundle with action g ′ · (g, w) = (g ′ g, w) covering the left translation action of G on X.
These two constructions define inverse equivalences of categories.
2.2. G-representations and flat homogeneous vector bundles. The image under the inverse equivalence from Lemma 2.1 of those representations ρ : K → GL(W ) which arise as the restriction of a representation ρ : G → GL(W ) can be described as G-equivariant vector bundles equipped with a G-compatible flat connection. Definition 2.2. Let V → X be a G-equivariant vector bundle equipped with connection ∇ V . We say that ∇ V is G-compatible if parallel transport along every path γ commutes with translation by G: g · P γ = P g·γ .
Lemma 2.3.
There is an equivalence of categories
Proof. Choose any path γ from e to gK. Let P γ denote parallel translation along γ with respect to the connection ∇ V . Note that this is independent of the path chosen because X is contractible and ∇ V is flat. For any v ∈ V e , let
, where t g denotes the action on V covering left translation by g. Let γ ′ be any path from e to hK. We compute that
By assumption, the G-action respects parallel transport, which is to say that
as isomorphisms V ghK → V gK . Therefore, the above computation further simplifies to
In the above, (g · γ ′ ) · γ denotes the concatenation of the paths g · γ ′ and γ. Thus, any pair (V → X, ∇ V ) gives rise to a representation ρ V : G → GL(W ). Furthermore, by choosing the constant path from e to e, we see that ρ V | K is the isotropy representation of K on V e .
Conversely, suppose we are give a representation ρ : G → GL(W ). This gives rise to a unique G-equivariant vector bundle V ρ → X by the "mixing construction" of lemma 2.1. Namely, V ρ = (G × W )/K → X with bundle projection given by the first coordinate projection, where
. We define a connection ∇ V by φ∇ triv φ −1 where ∇ triv denotes the trivial connection on the trivial vector bundle X × W → X. Evidently, ∇ V is flat because parallel transport, defined through the parallel transport of ∇ triv , is independent of path. Furthermore, ∇ V is G-compatible: for any path γ hK,gK from gK to hK and any vector v ∈ W, parallel transport is given by P γ hK,gK ((g, v)) = (h, v) ∈ V ρ,hK ; this parallel transport clearly commutes with the action of G.
The above two constructions are mutually inverse isomorphisms.
2.3.
Rational and integral structures on local systems. Let W be an N-vector space with N/F a finite extension of number fields. Let G be a semisimple group over F. Let ρ : G → R N/F GL(W ) be an algebraic representation defined over F . Let U ⊂ G(A fin F ) be a compact open subgroup and K ⊂ G(F R ) be a maximal compact subgroup with X = G(F R )/K. We can form an associated local system of N-vector spaces
. This is well-defined because the stabilizer of G(F ) acting on gKU is G(F ) ∩ gKUg −1 ; this stabilizer is contained in G(F ), which certainly preserves the fiber W over gKU. 
with the bundle projection given by projection onto the first two factors. The 
is locally constant as well.
Let ι : N ֒→ C be a complex embedding.
Proof. Clearly,
But it follows directly from the construction ρ V ρ of Lemma 2.3 that
This completes the proof.
2.4.1. Global sections of V ρ,ι . It will be convenient to recast the global sections of V ′ ρ,ι using the isomorphism of Lemma 2.5. Consider the bundle 
The global sections of V ρ,ι = G(F )\ V ρ,ι can be described as functions
2.4.2.
Normalization of metrics on V ρ,ι . We refer to [2, §3.4] for a discussion of the normalizations used here.
Let W be a vector space over N, assumed to be a finite extension of the number field F. Let ι : N ֒→ C denote a fixed complex embedding. Let ρ : G → R N/F GL(W ) be a homomorphism of algebraic groups over F. Let K ⊂ G(F R ) be a maximal compact subgroup. We let θ be the Cartan involution corresponding to K with associated decomposition g := Lie(G(F R )) = k ⊕ p into the +1-eigenspace k = Lie(K) and the −1-eigenspace p. By Weyl's unitary trick, the irreducible representation ρ : G(F R ) → GL(W ι ) corresponds to a unique representation, which we also call ρ, of the compact dual group U of G; more precisely U is the normalizer in G(F C ) of the real Lie algebra k ⊕ ip. There is a unique Hermitian metric on W ι which is U-invariant, up to scaling. Fix such a choice of metric ·, · 0 . We use this choice to define metrics || · || ′ and || · || on the bundles
The isomorphism (4) becomes an isometry with respect to these compatible choices of metrics.
Differential forms.
Lemma 2.6. We can isometrically -with its metric induced by the invariant metric
where
Proof. There is a natural isomorphism given by
The isometry property is a matter of unraveling definitions.
2.4.4.
Kuga's Lemma. We recall the identification of Lemma 2.6:
There is a differential operator dd * + d * d which acts on the left side; this is the j-form Laplacian corresponding to the metric ·, · 0 chosen for ρ ι . The Casimir operator C acts on the right side and is defined independent of the metric.
Lemma 2.7 (Kuga's Lemma). The operators dd * + d * d and C correspond via the above identification α j . More formally, for every j,
2.4.5. Equivariant local systems and their associated differential forms. Suppose that σ acts on a group H/F with σ p = 1.
Remark 2.8. The situation we have in mind is H = R E/F G E , where E/F is a cyclic, degree p Galois extension and σ = Γ E/F . We can form the group H ⋊ σ .
from the proof of Lemma 2.6 is equivariant for the action of σ by pullback of the left side and by σ on ∧ j p and by (σ
Proof. We compute that
Recasting equivariant torsion representation theoretically
Building towards a proof of our main theorem, in this section we express the equivariant zeta functions ζ j,L ρ ,Γ in purely representation theoretic terms. For the purposes of this calculation, there is no need to restrict our attention to quaternion algebras.
Let G be a semisimple group over a number field F. Let E/F be a cyclic Galois extension of prime degree p with Galois group Γ E/F = σ . Let N/F be a finite extension and ι : N ֒→ C be a complex embedding.
Notation for trace. For a σ-module A, we let A denote tr{σ|A}.
Let U be a σ-stable compact open subgroup of G(A fin E ) and let K be a σ-stable maximal compact subgroup of G(E R ). Let the manifold M = G(E)\G(A E )/K U be equipped with the invariant Riemannian metric induced by the Killing form of Lie(G(E R )); this Riemannian metric is preserved by σ.
where π ranges over all irreducible unitary representations of
By Kuga's Lemma (see §2.4.4), the Laplacian ∆ j acts on the π-isotypic subspace of
, by the scalar λ ρι − λ π∞ . Here, for an admissible irreducible representation T of G(E R ), λ T denotes its Casimir eigenvalue. According to the identification from Lemma 2.6, we can thus decompose
If π is inessential, then π| G(A E ) decomposes as a direct sum of p (irreducible) representations V 1 ⊕ ... ⊕ V p where π(σ) cyclically permutes the V i . In particular, because no summand V i is preserved, it readily follows that
This implies that,
Suppose that π = π ∞ ⊗ π fin as a representation of G(A E ). Suppose further that the action of σ on π factorizes as
Remark 3.2. Let G be the adjoint group of D × for a quaternion algebra over F. For every essential representation π of G(A E )⋊ σ , π(σ) admits a preferred factorization
. See our discussion of base change, especially Corollary 4.7. There is a corresponding decomposition of σ-modules
where σ acts trivially on the first factor, by σ fin on the second, and by
on the third. This leads to the identity
where m( π) := dim Hom G(A E )⋊Γ E/F ( π, W). Using (7), we can thus express the equivariant zeta function as follows:
Specializing (8) to the case of E = F and the local system over M = M corresponding to a representation ρ of G, we arrive at the identity
Base change for quaternion algebras and analytic torsion
Let G be the adjoint group of a quaternion algebra over a number field F. Let E/F be a cyclic Galois extension of prime degree p with
One main goal of this paper is to prove a spectral comparison of the flavor
We will prove such spectral identities using trace formula techniques, by comparing the trace of a twisted convolution operator on L 2 (G(E)\G(A E )) to that of an untwisted convolution operator on L 2 (G(F )\G(A F )), exactly in the spirit of Langlands' book [20] on base change for GL 2 .
• In §4.1, we will discuss those elements of the theory of base change need to prove the comparison (10) • In §4.2, we discuss local-global compatibility of base change and a consequence for "multiplicities".
• In §4.3, we discuss matching representations and matching local systems.
Such matching pairs occur in the abstract matching theorem proved in §4.4.
• In §4.4, we will prove an abstract matching theorem. Later, in §5, §6, instances of test functions satisfying the hypotheses of the abstract matching theorem will be described.
4.1.
Preliminaries on base change. For a general reference on base change for GL 2 see [20] .
Let D be a quaternion algebra over a number field F. Let E/F be a cyclic Galois extension of degree p with Galois group Γ E/F = σ . Let G denote the adjoint group of the group of units of D. In particular, G(F )\G(A F ) is compact. Assume also that D E is not globally split, so that G(E)\G(A E ) is compact as well.
where R denotes the right regular representation of G(A E ) acting on G(E)\G(A E ).
Note that the larger group
Similarly, for a smooth, compactly supported measure f dg on G(A F ), we let
where r denotes the right regular representation of G(A F ). Suppose that E v = E ⊗ F F v is unramified, i.e. either isomorphic to an unramified cyclic extension of degree p or to F p v . We define the norm map
This implies that the eigenvalues of u = N(x) are preserved by Γ E/F . Thus, N(x) is G(E v )-conjugate to an element of G(F v ). Furthermore, note that
So in fact,
{σ-twisted conjugacy classes in
is well-defined and injective (see [20, Lemma 4.2] ). For a twisted conjugacy class c, we let N(c) denote the associated conjugacy class in G(F v ).
For a σ-twisted conjugacy class c = [x] of G(E v ) and conjugacy class c
where G σ⋉x denotes the twisted centralizer of x and G x ′ denotes the centralizer of x ′ . These definitions do not depend on the choices of representatives x and x ′ .
Definition 4.2. We say thatf dg and f dg match if Similarly, we say thatf dg
) match if they match everywhere locally. Of course, the onus is on us to produce interesting examples of matching test functions. The identity (11) can be leveraged to give a more refined identity.
Example 4.4 ([20], §8). Say that
E v /F v is split, i.e. E v = F p v . Then for any test function f 1 dg 1 × ... × f p dg p on G(E v ) = G(F v ) p , the convolution product (f 1 dg 1 ) * ... * (f p dg p ) on G(F v ) matches.
Corollary 4.6 ([15])
. Let E/F be a cyclic Galois extension of number fields of odd prime degree. There is a bijection between irreducible automorphic representations π of G and essential (see definition 3.1) automorphic representations π of R E/F G E ⋊ Γ E/F . This bijection is uniquely defined by an equality of traces: π and π match if and only if (12) tr{R ( 
4.2.
Local-global compatibility for base change and a consequence for multiplicities. The groups R E/F G E and G satisfy multiplicity one, by the JacquetLanglands correspondence and multiplicity one for GL 2 . Therefore, the equality of equation (12) is equivalent to
for all pairs of matching test functionsf dg and f dg. Using equation (13), Langlands proves a local version of base change and local-global compatiblity.
Theorem 4.7 ([20], §7)
. Let E/F be a cyclic Galois extension of odd prime degree p. There is a bijection between irreducible representations π v of G(F v ) and representations π v of G(E v ) ⋊ Γ E/F which are irreducible after restricting to G(E v ). This bijection is determined by the equality of traces
for all pairs of matching test functionsf v dg v and f v dg v . This bijection is compatible with the global bijection of Theorem 4.6 in the sense that π = ⊗ ′ π v globally matches the unique essential representation π = ⊗ ′ π v .
Remark 4.8. As promised in Remark 3.2, the above local-global compatibility theorem has the following consequence: for any essential representation
4.2.1. Local base change and "trace matching".
Definition 4.9. Letf dg be a smooth measure on G(E v ) and let f dg be a smooth measure on G(F v ). We say thatf dg and f dg are trace-matching if for every irreducible admissible representation π of G(F v ), there is an equality tr{BC(π)(σ)BC(π)(f dg)} = tr{π(f dg)}. We record one straightforward consequence that Theorem 4.7 on local-global compatibility of base change has for comparing "multiplicities": 
where • S denotes the (restricted) tensor or cartesian product over all places v ∈ S.
Proof. This follows directly by theorem 4.7 and definition 4.2.1 of trace-matching:
4.3.
Local systems and matching representations. Let G be a semisimple group over the number field F. Let i E : F ֒→ E be a cyclic Galois extension of prime degree p. Note that (R E/F G) E = Γ E/F G E , where Γ E/F acts by permuting the factors according to its left translation action on itself. Let i N : F ֒→ N be a second finite extension. Let R E/F G → R N/F GL(V ), for V a finite dimensional N-vector space, be an algebraic homomorphism defined over F.
Definition and examples of matching representations and local systems. Fix a complex embedding
where the product runs over all ι ′ : E ֒→ C extending ι • i N . The Galois group Γ E/F acts on this product by permuting the factors according to its action on the set {ι ′ |ι}. Furthermore, the induced homomorphism R E/F G(F ⊗ R) → GL(V )(C ι ) factors as
the second map being induced by the projection F ⊗ C → C ι . Definition 4.12 (matching representations for the same coefficient field). Let ρ : R E/F G E ⋊ Γ E/F → R N/F GL(V ρ ) and ρ : G → R N/F GL(V ρ ) be representations of algebraic groups over F. We say that ρ and ρ match if
with Γ E/F acting by permutations on the set {ι ′ |ι}. For local systems V ρ and V ρ of N-vector spaces arising in the manner of §2.3, we say that V ρ and V ρ match exactly when ρ and ρ match. Definition 4.13 (matching representations for different coefficient fields). Let ρ : R E/F G E ⋊Γ E/F → R E/F GL(V ρ ) and ρ : G → GL(V ρ ) be representations of algebraic groups over F. We say that ρ and ρ match if
with Γ E/F acting by permutations on the set {ι ′ |ι}. For local systems V ρ of E-vector spaces and V ρ of F -vector spaces arising in the manner of §2.3, we say that V ρ and V ρ match exactly when ρ and ρ match.
Main examples of matching representations.
• Let ρ : G → R N/F GL(V ) be any representation over F. Suppose that N is a Galois closure of F containing E. For any F -algebra A, ρ induces a homomorphism
where the product runs over all i for which F 
The above homomorphisms are functorial in A and so define a map
This map extends naturally to
where Γ E/F acts by permuting the embeddings i. The homomorphisms ρ and ρ match.
• Let ρ : G → GL(V ) be any representation over F. There is a natural map
given by composing ρ on A ⊗ F E-valued points with the F -algebra homomorphism
for each σ ∈ Γ E/F . This collection of maps is functorial in F -algebras A and so defines an algebraic group homomorphism over F ρ :
The representations ρ and ρ match.
4.4.
An abstract matching theorem.
Notational setup for the matching theorem.
Recall that M U = G(E)\G(A E )/KU, where K, U are chosen to be Γ E/F -stable. This locally symmetric space is then acted on by Γ E/F = σ , which is cyclic of prime degree p, by isometries. Similarly, for compact open U ⊂ G(A fin F ) and maximal compact K, we let M U = G(E)\G(A F )/KU. Let ρ : G → R F/N GL(V ρ ) and ρ : R E/F G → R F/N GL(V ρ ) be matching representations and let ι : N ֒→ C be a complex embedding. We recall the notation
For any compact group J, we let dj denote its volume 1 Haar measure. 
Proof. Because the groups G and R E/F G satisfy multiplicity one, we can rewrite the expression derived in §3 for the above zeta functions from equations (8) and (9) as:
We now discuss matching for the multiplicities, the Casimir eigenvalues, and the (g, K)-cochain groups in turn.
• By Lemma 4.11, for any matching pair of an essential representation π of G(A E ) ⋊ Γ E/F and an irreducible representation π of G(A F ), there is an equality
• We can relate the Casimir eigenvalues of π ∞ and π ∞ by being more explicit about the relationship between π ∞ and π ∞ . [20, §8] , that the representation π ∞ corresponds to the representation π ∞ = π ⊠p ∞ of G(E R ) ⋊ Γ E/F equipped with intertwining isomorphism given by a cyclic shift. Similarly, ρ ι is isomorphic to ρ ⊠p ι with intertwining isomorphism given by the same cyclic shift. Therefore, (18) λ ρι − λ π∞ = p(λ ρι − λ π∞ ).
• Finally, note that because
the (g, K)-chain complexes obey a "Künneth relationship": 
By Langlands' formulation of base change (see Theorem 4.6), there is a bijection between irreducible subrepresentations π ⊂ W of G(A F ) and essential representations π ⊂ W of G(A E ) ⋊ Γ E/F . Multiplying (17), (18) −s and (19) together and summing over all subrepresentations π of W therefore gives the result.
An immediate corollary concerning analytic torsion is as follows:
Remark 4.16. The second summand on the right hand side is a red herring. It would disappear by scaling the metric on M U by p. So in particular, if V ρ,Q is acyclic, the analytic torsion is metric independent and so the second summand automatically vanishes.
Matching at places where E/F is unramified
We recall our notational setup: Let G be the adjoint group of the group of units of a quaternion algebra D over a number field F. Say E/F is a cyclic Galois extension of prime degree p. The Galois group Γ E/F = σ acts on G(A E ).
The goal of this section is to describe instances of local trace-matching (see Definition 4.2.1) at places v for which E v /F v unramified (see, in particular, Theorem 5.4); this will enable us to prove relationships between twisted analytic torsion on locally symmetric spaces related by base change -cf. Theorem 4.4. 5.1. Parahoric level structure. Throughout this section, assume that E/F is everywhere unramified.
The argument for proving Theorem 4.4 relating τ σ (V ρ ) to τ (V ρ ) hinges on the fact that 1 U dũ and m = 1 U Σ du Σ × v∈Σ m v and are matching test functions. We introduce a type of level structure for which we will be able to prove such a matching theorem. • If D is ramified at v, then U v should equal the image of the units of the maximal order of D v in G(E v ).
•
• Say E v /F v is unramified, cyclic of degree p, and that D is unramified at v.
The tree of G/F v injects into the tree of G/E v with image identified as the Galois invariants. We insist that U v = J, where J is the pointwise stabilizer in G(E v ) of either a vertex or an edge of the tree of G/F v . If U = U v is locally parahoric at all places v of F, then we call U (globally) parahoric. If U is locally parahoric for all v / ∈ Σ, then we call U parahoric outside Σ.
Remark 5.2. The above definition does not apply at places v where E v /F v is ramified. We extend the definition of parahoric level structure, for places v where E v /F v is tamely ramified, in Definition 6.16.
To every parahoric level structure U ⊂ G(A fin E ), we associate a matching level structure
We say that U v is associated to U v if one of the following hold:
• Suppose D v ramified. We require that U v equals the image of the units of the maximal order of
, and we require that
• Suppose that E v /F v is an unramified field extension and that D v unramified.
Then U v equals the pointwise stabilizer in G(E v ) of some simplex of the tree of G/F v , viewed as a subset of the tree of G/E v . We require that U v be the stabilizer of that same simplex in G(F v ). We say that U = U v is associated to U = U v if U v is associated to U v for all places v.
With these notions in hand, we now throw the kitchen sink at the issue of matching Proof. In [17] , Kottwitz proves that
for any regular semisimple δ ∈ G(E v ). Here SO denotes the stable orbital integral, whose definition is given in [17] . Let c be the G(F v )-conjugacy class of some element of G(F v ). Suffice it to say that if
for every regular semisimple conjugacy class, then SO δ,σ = O δ,σ and SO γ = O γ . Fortunately, this is precisely the situation we're in:
• Say that G ′ is any reductive group over
Indeed, there is a Galois cohomology exact sequence
If Z is split, the rightmost term vanishes, by Hilbert's theorem 90, and so
The center of the unit group of a central simple algebra is always split.
• Now suppose that x, x ′ ∈ D × (F v ) are regular semisimple and conjugate by
. Then the characteristic polynomials
are equal, say to p(t). By the Noether-Skolem theorem, the two embeddings
Fv , exactly as we wanted. Note that this argument works whether or not D Fv is ramified. The above arguments show that for G the adjoint group of a the units of a quaternion algebra over F v , G(F v )-conjugacy collapses to G(F v )-conjugacy. Thus, 1 Uv dũ v and 1 Uv du v match, as claimed.
Matching at places where E/F is tamely ramified
To broaden the applicability of Theorem 4.4, we need to prove matching theorems at places v where E v /F v is ramified. We assume throughout this chapter that E v /F v be tamely ramified. Our immediate goals:
(1) characterize all (possibly ramified) representations π of PGL 2 (F v ) for which BC(π) is unramified. (2) Find a test function on f dg on PGL 2 (F v ) which trace-matches 1 PGL 2 (Ev) dg. Characterizing those representations as in (1) will be relatively straightforward; this is done in §6.1. In analogy with the terminology used for elliptic curves, we will say that representations as in (1) Notation for local fields. To ease notation in what follows, we will denote E v /F v by E/F. So for the remainder of this chapter, E/F will denote a tamely ramified, cyclic Galois extension of local fields, not an extension of global fields.
6.1. Tamely ramified Langlands parameters and additive reduction. We want to characterize continuous representations
such that σ| W E is unramified. Since E/F is tamely ramified, such representations σ are tamely ramified. But the tame Weil group has a very simple description:
is procyclic, generated by a single element u, and F is any lift of the arithmetic Frobenius. The generators F and u satisfy the single relation
Remark 6.1. Because Γ E/F is an abelian quotient of W tame F of prime order p, it follows that p|q − 1.
We now prove a lemma characterizing all tame Langlands parameters of additive reduction. , where ζ p = 1.
• Assume that ζ = 1. Let A = a b c d . Using the fact that ABA −1 = B q and that ζ q−1 = 1, we see that b = c = 0. These give rise to the Langlands
These parameters correspond, by the local Langlands correspondence, to the representations I s,χ := Ind
where χ is a non-trivial character of F × /N(E × ).
• If ζ = 1, then the corresponding parameter corresponds to an unramified representation.
6.2.
A closer look at local base change. Let E/F be a tamely ramified extension of local fields. The goal of this section is to construct a smooth, compactly supported test measure m add on PGL 2 (F ) such that 1 PGL 2 (O E ) dk trace-matches m add (see Definition 4.9).
• In §6.2.1, we explain how to recover the matching of orbital integrals in a more representation theoretic manner.
• In §6.2.2, we discuss the action of Γ E/F on the PGL 2 (O E )-fixed vectors of a representation of PGL 2 (E) of the form BC(π). 
for every pair of matching test functionf dg ∈ SM c (G(E)), f dg ∈ SM c (G(F )). We write π = BC(π).
Remark 6.4. The intertwining isomorphism π(σ) : π → π σ is a priori only welldefined up to a pth root of unity. However, the equality of traces in the above definition uniquely determines π(σ).
For the particular choices of test functionsf 0 dg 0 and f 0 dg 0 that we will make in the sequel, rather than proving that equation (20) holds by demonstrating an equality of orbital integrals, we prove it directly by using explicitly understood features of local base change for PGL 2 (F ). 6.2.2. Action of σ on PGL 2 (O E )-fixed vectors. Let µ be the inflation to the upper triangular Borel subgroup B ⊂ PGL 2 (F ) of a character T → C × , where T is the diagonal torus of PGL 2 (F ) and let δ denote the modulus character of B. We let (ρ µ , I µ ) denote the normalized principal series representation, i.e. the space of locally constant functions f : PGL 2 (F ) → C which transform by the rule f (bg) = µ(b)δ(b) 1/2 f (g) where ρ µ acts by right translation.
We define I µ similarly for characters of the upper triangular Borel subgroup B ⊂ PGL 2 (E). If µ σ = µ, then we extend I µ to a representation of
Proposition 6.5 ( [20] , Corollary 7.3). Let N : E × → F × denote the norm map. The representations I µ•N and I µ match. That is, for any pairf dg and f dg of matching test functions on PGL 2 (E) and PGL 2 (F ) respectively, there is an equality
Corollary 6.6. For every irreducible admissible representation π of PGL 2 (F ), there is an equality
Proof. The claim is vacuously true if BC(π) is ramified. If it is unramified, then it can be embedded in an unramified principal series representation V ; indeed, any representation with an Iwahori fixed vector can be embedded into an unramified principal series representation.
• If V is irreducible, then BC(π) = V. But Proposition 6.5 shows that for such principal series representations, in the image of base change, the action of Γ E/F on the PGL 2 (O E ) fixed vector is trivial.
• If V is reducible, then BC(π) is either Steinberg, which is ramified, or the trivial representation. One readily checks that the trivial representations of PGL 2 (F ) and PGL 2 (E) ⋊ Γ E/F match because each has character given by the constant function 1. Therefore, Γ E/F again acts trivially on the PGL 2 (O E )-fixed vector of BC(π). The result follows. 
Proof. Observe that the elements 1, w = 0 1 1 0 form a full set of coset representatives for B\G/J. But we readily compute that the image of both B ∩ wJw −1 and B ∩ J in T is T C . The result then follows immediately by Lemma 6.8. 
, where dj denotes the volume 1 Haar measure on I C 0 .
Proof. Irreducible admissible representations π of PGL 2 (F ) are of three possible types:
• π is supercuspidal. As discussed in §6.3.2, no supercuspidal representation has an I C 0 -fixed vector.
• By definition, if π is not supercuspidal then it is a subquotient of a principal series representation. All of the principal series representations I χ , where χ = | · |, 1 are irreducible. As explained in §6. 
Theorem 6.13 ([19] ). For an irreducible unitary representation π of G,
Corollary 6.14. In the case of G = PGL 2 , the formula from Theorem 6.13 holds for any irreducible admissible representation.
Proof. Once again, we invoke the classification of irreducible admissible representations of PGL 2 (F ). Any non-unitary irreducible admissible representation must be an irreducible principal series representation is of the form π s = I |·| s χ 0 . But
is a continuous, integer-valued function of s and so must be constant and equal tr π 0 (EP ) = 0.
We are finally able to write down an indicator test function for those representations of additive reduction. Proof. This follows immediately by combining Proposition 6.12 and Corollary 6.14.
6.4. Definition of tame parahoric level structure and globally matching test functions. We now extend the definition of parahoric level structure to include places v of F for which E v /F v is tamely ramified.
Definition 6.16. Let E/F be everywhere tamely ramified. Also, assume that the set of places v where E v /F v is unramified is disjoint from the set of places where
We now consolidate all of the preceeding results of §6 to provide a class of examples of globally matching test functions. Theorem 6.17. Let E/F be everywhere tamely ramified, with Σ = {v 1 , ..., v n } the places of F which ramify in E. Let U ⊂ G(A fin E ) be a globally tamely parahoric level structure. Let U Σ = v / ∈Σ U v and let U Σ denote a matching parahoric level structure outside Σ. For v ∈ Σ, let
where K v and K ′ v are the stabilizers of two vertices in the tree for G(F v ) ∼ = PGL 2 (F v ), I v is the pointwise stabilizer of the edge between them, C 0 is the "preimage in I v of the p th powers of the diagonal torus mod v" (cf. Corollary 6.10), and dk denotes the volume 1 Haar measure for any compact group K. Then the test functions Proof. Theorem 6.15 shows that m add,v trace-matches 1 Uv dũ v for each place v ∈ Σ. For v / ∈ Σ, let U v be associated to the parahoric level structure U v . Theorem 5.4 shows that 1 Uv du v trace-matches 1 Uv dũ v . Therefore,
are matching test functions. The result follows after expanding the right side of equation (21).
A numerical form of base change functoriality for torsion
In this section, we'll exhibit examples of F -acyclic local systems of O F -modules on locally symmetric spaces associated to G for which the Cheeger-Müller theorems of [21, §1.7, §4] can be applied. In conjunction with the trace formula comparison proven in §4.4, this will yield a numerical form of torsion base change functoriality.
• In §7.1, we will describe a certain class of F -acyclic local systems of O Fmodules over locally symmetric spaces associated to G.
• In §7.2, we will prove the main comparison theorem of this paper, concerning a version of "numerical functoriality."
7.1. A class of local systems. We recall the construction of some local systems described in ([10, §10.1]).
Let D be a quaternion algebra over an imaginary quadratic field F and G be the adjoint group of the group of units of D.
For any quaternion algebra Q over Consider the representation ρ a,b : G → GL(V a,b ) given by conjugation action. By the second construction outlined in §4.3, there is a matching representation ρ a,b : 
For each complex embedding ι : E ֒→ C, we let
local systems of C-vector spaces.
7.1.1. Acyclicity. We recall a theorem of Borel-Wallach, specialized to our setup: Theorem 7.1 (cf. [7] , § II, Proposition 6.12). Let L → M U be the local system of Cvector spaces corresponding to a complex representation ρ :
is not isomorphic to its twist by the Cartan involution of G(E R ) corresponding to K. Then L → M U is acyclic. A similar statement holds for a local system of C-vector spaces L → M U corresponding to representations of G(F R ).
Proof. See [2, §4.1], wherein the stronger statement that representations ρ as above give rise to "strongly acyclic families" is proven.
7.2. Numerical comparison theorem. We can finally combine our trace formula comparisons with the Cheeger-Müller theorems of [21, §1.7 ] to obtain a numerical comparison of Reidemeister torsion. Theorem 7.4. Let F be an imaginary quadratic field. Let E/F Galois, cyclic of odd prime degree p. Let a = b. Then there is an equality
, where the constants c v,k and level structures are as in Theorem 6.17.
Proof. By Theorem 6.17, the test functions
are matching. By Corollary 4.15, there is thus an equality
By the assumption a = b, 
Remark 7.5. The equality (22) 
Asymptotic growth of analytic torsion and torsion cohomology
Let G be the adjoint group of the unit group of a quaternion algebra D over an imaginary quadratic field F. Let E/F be a cyclic Galois extension of odd prime degree p.
In this section, we'll prove a torsion cohomology growth theorem for the local systems L a,b defined in §7.1 over a sequence of locally symmetric spaces for R E/F G. The trace formula comparison that we have proven in §4.4 can be combined with the results of [2] to estimate the asymptotic growth of torsion in homology through a sequence M U N of such spaces where U N is a parahoric level structure (see definition 6.16) .
• We will recall the definition of a strongly acyclic family used in [2] in §8.1.
• In §8.2, we will prove a growth theorem for twisted analytic torsion.
• In §8.3, we will combine our growth theorem for twisted analytic torsion with the Bismut-Zhang theorem to prove a torsion cohomology growth theorem.
8.1. Redux of strong acyclicity. Let L → M be a metrized local system over a compact Riemannian manifold M. Let M n πn − → M be a sequence of covers.
Definition 8.1 (Strong acyclicity). The family L n = π * n L → M n is strongly acyclic if the spectra of the Laplace operators ∆ i,Ln , 0 ≤ i ≤ dim M admit a uniform spectral gap. That is, there is some ǫ > 0 such that λ > ǫ for any eigenvalue λ of any Laplace operator ∆ i,Ln .
In [2] , Bergeron and Venkatesh crucially use this hypothesis in proving a "limit multiplicity formula for analytic torsion"; it enables them to uniformly control the long time asymptotics of an infinite family of heat kernels. The surprising fact is that strongly acyclic local systems over locally symmetric spaces are abundant.
Let H be an algebraic group over F. Let M be an associated locally symmetric space Γ\H(F R )/K. Suppose that Γ is stable by the Cartan involution θ associated to K. Let ρ : H → GL(V ρ ) be a representation over F. Any O F -lattice inside V ρ which is stable by Γ gives rise to a local system L ρ → M. We will require the following strengthened version of Theorem 7.1. There is an isomorphism G(E R ) ∼ = PGL 2 (C) p . Via this identification, σ acts by a cyclic shift.
• The irreducible representations of SL 2 (C) are enumerated thus:
where V m = Sym m (C 2 ) and the • denotes conjugation of complex structure. In order to factor through SL 2 (C)/{±1} = PGL 2 (C), we must have a + b even.
Thus, the representations of PGL 2 (C) p isomorphic to their σ-twists are of the form ρ a,b := (V a ⊗ V b )
⊠p . The representation ρ a,b matches the representation ρ a,b := V a ⊗ V b of G(F R ) ∼ = PGL 2 (C) (see §4.3) Remark 8.3. ρ a,b from above is a slight abuse of notation. After having fixed a complex embedding ι of E, these are the homomorphisms on F ⊗ Q R-valued points induced by ρ a,b of §7.1.
• As explained in [2] , the representations ρ a,b are strongly acyclic if and only if a = b. They verify that twisting by the (standard) Cartan involution θ sends ρ 8.2. Growth of twisted analytic torsion. We recall our standing notation. Let G denote the adjoint group of the unit group of a quaternion algebra D over an imaginary quadratic field F. Let E/F be a cyclic Galois extension of odd prime degree p with Galois group Γ E/F = σ . (see Theorem 6.17 for further discussion of this notation). For each tuple (i 1 , ..., i n ), the family of local systems L a,b,ι → M i 1 ,...,in is strongly acyclic, by the discussion of §8.1.1. Therefore, we may apply the "limit multiplicity theorem for torsion" from [2, Theorem 4.5]. Dividing by vol(M U N ) and taking the limit as N → ∞, the result follows. 
